Abstract. We present formulations of the Trotter-Kato theorem for approximation of linear C 0 -semigroups which provide very useful framework when convergence of numerical approximations to solutions of PDEs are studied. Applicability of our results is demonstrated using a first order hyperbolic equation, a wave equation and Stokes' equation as illustrative examples.
Introduction
In this paper versions of the Trotter-Kato theorem [8] , [15] for approximating a linear C 0 -semigroup T (t) on a Banach space X are derived, which are useful for studying convergence of numerical approximations of solutions to partial differential equations. Our study is motivated by the version of the Trotter-Kato theorem discussed in [11, Section 3.6] . The goal is to provide a general approach, which is flexible enough to cover a variety of approximation schemes for infinite dimensional systems. Of course it is not possible to get precise error estimates at this level of generality. In order to get those one usually has to exploit the special structure of a system, what we shall demonstrate in a few situations.
In Section 2 we present a version of the Trotter-Kato theorem which is standard except for the fact that the state space on which the semigroup is defined is a closed proper subspace of an ambient Banach or Hilbert space. The approximating spaces are isomorphic to subspaces of this ambient space but not necessarily of the state space. Furthermore, we present in this section error estimates for smooth initial data in the general case and also for analytic semigroups. In Section 3 we discuss possibilities to verify the basic assumptions of the Trotter-Kato theorem, i.e., how to establish the stability and the consistency property. Applicability of the results is demonstrated in Section 4 for a first order wave equation, a second order wave equation in one space dimension and Stokes' equation as illustrative examples.
The Trotter-Kato theorem
2.1. Statement and proof of the theorem. Let Z and X n be Banach spaces with norms · , · n , n = 1, 2, . . . , respectively, and X be a closed linear subspace of Z. On X a C 0 -semigroup T (·) with infinitesimal generator A is given. The goal is to construct approximating generators A n on the spaces X n such that the C 0 -semigroups T n (·) generated by A n approximate T (·) in a sense which will be made precise below. We will make the following assumptions:
For every n = 1, 2, . . . there exist bounded linear operators P n : Z → X n and E n : X n → Z satisfying (A1) P n ≤ M 1 , E n ≤ M 2 , where M 1 , M 2 are independent of n, (A2) E n P n x − x → 0 as n → ∞ for all x ∈ X, (A3) P n E n = I n , where I n is the identity operator on X n .
Assumption (A2) is a consequence of each of the two equivalent statements in the Trotter-Kato theorem. Therefore when choosing the spaces X n and the operators P n , E n one has to make sure that (A2) is also satisfied. However, (A2) need not be assumed explicitly in the theorem. In many situations one has X = Z, but Section 4.3, where we consider Stokes' equation, presents an example where it is advantageous to define the operators P n , E n first for an ambient space Z which contains the actual state space for the equation as a proper closed subspace.
The general setting can be phrased in an equivalent way for subspaces of Z. In order to see this define the subspaces Z n of Z and the mappings π n : Z → Z n by Z n = range E n and π n = E n P n , n = 1, 2, . . . .
The subspaces Z n are endowed with the Z-norm. It is easy to see that the Z n are closed subspaces of Z and that π n are projections Z → Z n , i.e., π 2 n = π n and range π n = Z n . Furthermore,T n (t) = E n T n (t)P n | Zn , t ≥ 0, defines a C 0 -semigroup on Z n with infinitesimal generatorÃ n given by domÃ n = E n dom A n andÃ n = E n A n P n | Zn . Assumption (A1) implies that there exists a constant M > 0 such that π n ≤M, n = 1, 2, . . . , (B1) is true, whereas from assumption (A2) we get lim n→∞ π n z = z for all z ∈ X. (B2)
Note that by the uniform boundedness principle assumption (B1) is automatically satisfied if (B2) holds for all z ∈ Z. In general we do not have Z n ⊂ X. See Section 4.3 for an example. If one has numerical approximation in mind, then the spaces Z n are finite dimensional, of course.
Conversely, let Z n , n = 1, 2, . . . , be a sequence of subspaces of Z with projections π n : Z → Z n and canonical injections ι n : Z n → Z. We assume that (B1) and (B2) are satisfied. Then obviously assumption (B1) implies (A1) and (B2) implies (A2) for X n = Z n , P n = π n and E n = ι n . (A3) is trivially satisfied.
The most frequent situation where the setting introduced at the beginning of this section occurs is when we start with a sequence of finite dimensional subspaces of Z n , dim Z n = k n . For each subspace Z n we choose a basis z n 1 , . . . , z n kn and define the mapping p n :
If we define the mappings
Before we state the Trotter-Kato theorem we introduce the following notation:
Theorem 2.1 (Trotter-Kato) . Assume that (A1) and (A3) are satisfied. Let A resp. A n be in G(M, ω, X) resp. in G(M, ω, X n ) and let T (t) and T n (t) be the semigroups generated by A and A n on X and X n , respectively. Then the following statements are equivalent:
(b) For every x ∈ X and t ≥ 0,
Proof. If we set Z n = range E n and π n = E n P n , n = 1, 2, . . . , then the theorem is proved if we establish equivalence of the following two statements:
(b) For every x ∈ X and t ≥ 0, T n (t)π n x − T (t)x → 0 as n → ∞ uniformly on bounded t-intervals.
For the rest of the proof we shall write T n (t) and A n instead ofT n (t) andÃ n , respectively. It is no loss of generality if we assume that (ã) holds for λ 0 = 0. a) We first show that (ã) implies (b). For x ∈ X we define
where we have set
n π n is a bounded operator X → Z n . An easy calculation proves (2.1).
From (2.1) we obtain by the variation of parameter formula that, for t ≥ 0,
Here we have used
From this representation of u n (t) we obtain the error representation:
In order to prove lim n→∞ e n (t) = 0 uniformly for t in bounded intervals, we consider the terms on the right-hand side of (2.3) separately. For any T > 0 the set {T (t)Ax | 0 ≤ t ≤ T } is compact. Therefore we have
For the second term on the right-hand side of (2.3) this is obvious, because
Therefore also the integral on the right-hand side of (2.3) converges to zero uniformly on [0, T ]. Thus we have proved that lim n→∞ e n (t) = 0 uniformly on 0 ≤ t ≤ T for any x ∈ dom A 2 . By a standard density argument we see that this is true for all x ∈ X (note that, by definition of e n (t), there exists a constant c 0 > 0 such that sup 0≤t≤T e n (t) ≤ c 0 e ωT x , x ∈ X, n = 1, 2, . . . ).
It remains to prove that
By compactness of {T (t)x | 0 ≤ t ≤ T } we only have to prove lim n→∞ π n x = x for all x ∈ X. For x ∈ dom A we get (observing that ker(I − π n ) = Z n )
This implies lim n→∞ π n x = x for x ∈ dom A. The result for x ∈ X follows by a density argument. b) Assume now that (b) holds and that Re λ > ω. Then
The right-hand side of this inequality tends to zero as n → ∞ by (b), the choice of λ and Lebesgue's dominated convergence theorem.
Remarks. 1. The proof of Theorem 2.1 as given above is a slight modification of Kato's proof putting more emphasis on the representation of the error e n (t) which will be useful in the next subsection.
2. The assumption A n ∈ G(M, ω, X n ), n = 1, 2, . . . , or equivalently T n (t) n ≤ M e ωt , n = 1, 2, . . . , usually is called the stability property of the approximations, whereas statement (a) is called the consistency property of the approximations. With this terminology the Trotter-Kato theorem essentially states that, under the assumption of stability, consistency is equivalent to convergence (as characterized in statement (b)).
Using the uniform boundedness principle and the standard proof for the fact that any C 0 -semigroup T (·) satisfies an estimate of the form T (t) ≤ M e ωt , t ≥ 0, it is easy to see that on the other hand convergence implies stability (and consequently also consistency). Compare Theorem 4.4 in [10] .
3. Consider the setting used in the proof of Theorem 2.1. With the operators A andÃ n , n = 1, 2, . . . , we can associate the steady state problems
on Z n . The consistency hypothesis (ã) just means that these steady state problems, for all y ∈ X, have unique solutions u resp. u n which depend continuously on y and
Indeed, the assumptions on the solvability of the steady state problems are equivalent to λ 0 ∈ ρ(A) ∩ ∞ n=1 ρ(Ã n ) and (2.7) is just the strong convergence of the resolvent operators, because u = (λ 0 I − A) −1 y and u n = (λ 0Ĩn −Ã n ) −1 π n y. In view of these considerations the Trotter-Kato theorem states that, under the assumption of stability, convergence of the solutions of the steady state problems associated with the semigroup generators implies convergence of the semigroups. This point of view was stressed in [10] , where it was also shown that convergence rates are also preserved. We shall address this question in the next subsection.
4. The error function e n (t) is continuously differentiable on [0, ∞), if x ∈ dom A and π n x ∈ dom A n , which is certainly the case if the A n 's are bounded. The most common situation where the A n 's are bounded occurs when the spaces X n are finite dimensional. Then e n (t) is the solution oḟ
This implies
From this representation we can get (2.3) by integration by parts directly provided x ∈ dom A 2 . Thus the introduction of u n (t) is not necessary in cases where e n (t) is differentiable.
5.
A somewhat different proof of Theorem 2.1 can be given using the approach followed in [10] . Let the setting be that used in the proof of Theorem 2.1 and define the "elliptic" projections q n : dom A → Z n by
2 we introduce the error
which is continuously differentiable. This follows from q n x ∈ domÃ n and q n T (t)
This gives
Observing that, for y ∈ dom A, we have (
n π n )Ay we see that the same arguments used in the proof of Theorem 2.1 give
uniformly on bounded t-intervals. In order to getT n (t)π n x → T (t)x uniformly on bounded t-intervals for any x ∈ X one has to choose a sequence (x k ) ⊂ dom A with x k → x and to apply the standard arguments to the estimate
Error estimates for smooth initial data.
The proof of the Trotter-Kato theorem as given in the previous subsection offers also the possibility to obtain error estimates for the approximations. However, because of the generality of Theorem 2.1 we cannot expect to get error estimates which are sharp in specific situations. In order to get sharp estimates one has to exploit the special structure of the problem at hand. See for instance [2] for parabolic equations and [9] , [5] for delay equations of retarded type. In the following let · dom A α denote the graph norm on dom A α , α > 0. 
Proposition 2.2. Let the assumptions of Theorem 2.1 be satisfied and, for any
for all x ∈ dom A α+1+ε and n = 1, 2, . . . .
Proof.
As in the proof of Theorem 2.1 we can assume without restriction of gen-
Furthermore, for the proof we adopt the same setting as in the proof of Theorem 2.1 and write again T n (t) and A n instead ofT n (t) andÃ n , respectively. Correspondingly we also set ∆ n = A −1 − A −1 n π n , n = 1, 2, . . . . In the following 'const.' always denotes a positive constant which does not depend on x or t (in the given sets) and may have different values at different occurrences.
The proof for part a) is straightforward, estimating the terms on the right-hand sides of (2.3) and (2.4). We have to observe that the restriction of the semigroup
For the proof of part b) we observe first that in case of an analytic semigroup the representation (2.3) of e n (t) is valid for x ∈ dom A 1+δ , δ > 0. The integration by parts which leads to (2.2) can also be performed under the present conditions. We only have to observe that for an analytic semigroup we have
We only have to consider the integral term on the right-hand side of (2.3), because for the other two terms and the term on the right-hand side of (2.4) we see immediately that, for ε > 0,
and
For the integral term we get the estimate
With respect to properties of fractional powers of closed operators which have been used in this proof we refer to [11] , for instance.
In case of second order parabolic equations with a selfadjoint uniformly elliptic operator it was shown in [2] that we can take ε = 0 in part b) of Proposition 2.2. Using basically the same ideas as in [2] we can prove an analogous result for analytic semigroups on a Hilbert space with arbitrary selfadjoint infinitesimal generator. Proposition 2.3. Let Z and X n be Hilbert spaces and assume that (A1), (A3) are satisfied. Furthermore, assume that A generates an analytic semigroup on X and that the A n are selfadjoint bounded operators on X n with the property that, 
Proof. The general setting is as in the proofs of Theorem 2.1 and Proposition 2.2, respectivley. Instead of equation (2.8) we first define v n (t) = te n (t), which, for
By the variation of constants formula we get
Integration by parts in the second integral gives
α , which guarantees that the last integral in (2.10) exists. Analogously one sees that the other integrals also exist. From equation (2.8) we get, for x ∈ dom A α ,
Taking inner products with e n (t) on both sides, observing that by selfadjointness of A n we have
and integrating from 0 to t, we get
where we have also used dissipativeness of A n . Consequently we have
From this we get
In order to prove part a) we choose
The second and third term on the right-hand side of (2.10) can easily be esti-
α+1 . For the fourth term we get
for 0 < t ≤ T and x ∈ dom A α+1 . For the proof of b) we choose x ∈ dom A α+1/2 and observe first that selfadjointness of the A n together with (ã) implies that also A has to be selfadjoint. Consequently we have
and consequently
This and (2.11) prove that
for all t ∈ [1/δ, δ] and all x ∈ dom A α+1/2 . For the other terms in (2.10) we get the analogous estimates if we observe
Remarks. 1. Note the difference in the two statements of Proposition 2.3. The first one requires x ∈ dom A α+1 but gives an estimate on intervals [0,T ], whereas the second one requires x ∈ dom A α+1/2 only and gives an estimate on compact t-intervals which exclude t = 0. The assumption, that the consistency property (a) is satisfied, in part b) is only used in order to prove that A is also selfadjoint.
2. Without restriction of generality we take the setting used in the proof of Proposition 2.2 and set (note that
This means that for any x ∈ dom A α we have
If we observe that u = A −1 x resp. u n = A −1 n π n x are the unique solutions of the steady state problems Au = x resp. A n u n = π n x we can rewrite inequality (2.12) as
Therefore Proposition 2.2, a) can be stated as follows: If the estimate (2.13) is true for an approximation scheme for the steady state problem Au = x, then we have the same rate estimate for the corresponding approximation scheme for the Cauchy problemu = Au, u(0) = x, provided x ∈ dom A α+2 (i.e., x ∈ dom A and Ax ∈ dom A α+1 ). This shows that the results of this section are closely related to results in [10] . For instance, the assumption that the estimate (2.13) is satisfied is exactly the assumption in [10] that "Theorem T" is true forX = dom A α+1 (see [10, p. 130] ). Proposition 2.2, a) essentially is Theorem 4.2 in [10] with the difference that in [10] the estimate is for T n (t)q n x − T (t)x instead of T n (t)π n x − T (t)x. Furthermore, the results of this section show that the smoothness assumption x ∈ dom A α+2 can be relaxed considerably. In case of general analytic semigroups in Banach spaces we need x ∈ dom A α+1+ (Proposition 2.2, b)). If in addition we assume that the spaces are Hilbert spaces and the generators are selfadjoint, then x ∈ dom A α+1 resp. x ∈ dom A α+1/2 is sufficient (Proposition 2.3).
How to establish stability and consistency
In order to apply Theorem 2.1 one faces the following major difficulties: a) In general it is very difficult to verify the stability property, i.e., to prove that A n ∈ G(M, ω, X n ), n = 1, 2, . . . , for some M ≥ 1, ω ∈ R, when M > 1 is necessary. b) Direct verification of the consistency property (a) involves computation of the resolvents (λI n − A n ) −1 , which in general is almost impossible.
Of course, the Hille-Yosida generation theorem for C 0 -semigroups tells us among other things that A n ∈ G(M, ω, X n ) if λ ∈ ρ(A n ) for Re λ > ω and
But to establish these inequalities for the powers of the resolvent operators in particular for the approximating generators A n is in most cases (i.e., except M = 1) impossible. In general, the only way to verify the stability property is to use dissipativity estimates possibly after renorming the spaces X n with uniformly equivalent norms.
Concerning the consistency property one tries at any case to avoid computation of the resolvent operators (λI n − A n ) −1 and direct verification of condition (a). Usually it is very easy to compute explicit representations of the approximating generators A n . Therefore one would like to replace (a) by a condition involving convergence of the operators A n to A in some sense. The following result is well known, the proofs perhaps are different (see for instance [11] ): Proof. Without restriction of generality we can assume λ 0 = 0 for the proof. We first prove that (a) implies (A2) and (C1), (C2). To this end we first set D = dom A which implies AD = X, i.e., (C1) is satisfied. In the proof of Theorem 2.1 we have already shown that (a) implies (A2) (compare (2.4)). We next fix u ∈ dom A, choose x ∈ X with u = A −1 x and set u n = A −1 n P n Au. Then we have
as n → ∞ by (a). Furthermore, we have (using (A2))
as n → ∞. Thus we see that (C2) is also true. In order to prove that (A2) and (C1), (C2) imply (a) we use the identity
For x ∈ AD we choose u ∈ D with x = Au and set u n = A −1 n P n x = A −1 n P n Au. Furthermore, for u, we choose u n according to (C2). Then we get
is uniformly bounded, because A n ∈ G(M, ω, X n ) for all n. The last two estimates prove that P n u − u n n ≤ P n u − u n n + u n − u n n → 0 as n → ∞. This estimate together with (3.1) and (A2) implies
as n → ∞ for all x ∈ AD. A density argument finishes the proof for (a) (note that
n P n is uniformly bounded).
Remark. In fact, conditions (C1) and (C2) provide a formulation of the consistency property which is essentially the original one. See for instance [12, Chapter 3] for difference approximations. The example in Subsection 4.1 below demonstrates the usefulness of conditions (C1) and (C2). However, in many applications, in particular if the abstract Cauchy problem is the abstraction of a PDE-problem, the generator A is defined via a sesquilinear form σ, which is given on a densely and continuously embedded subspace V of the state space X. Then the approximating generators A n usually are defined by sesquilinear forms σ n on the approximating state spaces X n . These sesquilinear forms σ n are obtained from restrictions of σ to appropriate subspaces V n of V which are isomorphic to X n . Of course, in such a case one would like to establish the stability and consistency property by using the approximating sesquilinear forms σ n . Instead of formulating some general results in this direction we demonstrate the ideas by the examples in Subsections 4.2 and 4.3. The main reason for this approach to the problem is the fact that usually one has to exploit the special structure of the problem under consideration, which makes it very difficult to provide simple general conditions which cover a wide range of special cases.
Parabolic problems allow much stronger results, which will be presented in a different paper.
Examples
In this section we demonstrate applicability of the results developed in the previous sections. As already mentioned in the introduction the goal is to show that a variety of concrete situations is covered by the general framework presented in this paper.
A first order hyperbolic PDE.
In this example the role of the operators P n and E n appearing in conditions (A1)-(A3) and the usefulness of 
where col (u 1 , . . . , u n ) ∈ X n = R n and u k (t) represents an approximating value for u(t, x) at the k-th nodal point x k = k ∆x with ∆x = 1/n. From equations (4.2) it is clear that the approximating generators A n on R n are given by
where we set u 0 = 0.
Case 1. X = L 1 (0, 1). Let P n , E n and · n be defined as
It is easy to show that the conditions (A1)-(A3) are satisfied. For an element u ∈ X n \ {0} the elements v in the duality set F n (u) ⊂ X * n are given by v = ∆x u n (α 1 , . . . , α n ), where α k = sgn u k if u k = 0 and |α k | ≤ 1 if u k = 0. Then it is easy to see that
which establishes the stability property.
In order to verify the consistency property we choose D = dom A = {φ ∈ C 1 (0, 1) | φ(0) = 0} which establishes condition (C1) in Proposition 3.1 with ω = 0. For u ∈ dom A we defineū n ∈ X n bȳ
Then simple computations show that
Furthermore we have
which proves lim n→∞ E n A nūn = Au. Here h → ω(u ; h) denotes the modulus of continuity for u . Consistency now follows from Proposition 3.1.
Case 2. X = L 2 (0, 1). Let P n , E n be as in Case 1 and · n be given by
In this case the inner product on X n is defined by u, v n = E n u, E n v L 2 . Then stability is obvious from
In order to verify consistency let D = dom A and defineū n by (4.3). We have
which tends to zero as n → ∞. Concerning A nūn we have
as n → ∞. This finishes the proof of (C2) in Proposition 3.1.
Case 3. X = C 0 (0, 1). Assume that P n , E n and · n are defined as
where the first order B-spline B k (x), k = 1, . . . , n , for 0 ≤ x ≤ 1, is given by Obviously, assumptions (A1)-(A3) are satisfied. For (A2) one has to observe that E n P n u is the first order spline interpolating u at the meshpoints. For u ∈ X n the elements v ∈ F n (u) are given by
where i is an index such that |u i | = max k |u k |. Then it is easy to see that A n u, v ≤ 0 for all v ∈ F n (u), i.e., the stability property is satisfied.
For the consistency property, we again choose D = dom A andū n ∈ X n for u ∈ dom A as in the previous cases. Then we have
because E nūn is the first order spline interpolating the continuously differentiable function u at the meshpoints. Moreover, we get for numbers ξ k ∈ (x k−1 , x k ) the estimate
The first term on the right-hand side tends to zero, because n k=1 u (x k )B k is the first order spline interpolating the continuous function u at the meshpoints (note that u (0) = 0). This finishes the proof for (C2).
4.2.
A second order wave equation in one space dimension. This example demonstrates how to use sesquilinear forms in order to prove stability and consistency of approximations. We consider the wave equation
with boundary conditions
Defining z 1 = u and z 2 = 
It is easy to verify that A is m-dissipative and thus generates a C 0 -semigroup on X (note that A is densely defined, because X is a Hilbert space).
If also ψ 2 ∈Ṽ , then we can integrate by parts and obtain (using also the boundary condition at x = 1)
This equation makes sense for all φ, ψ ∈ V =Ṽ ×Ṽ . Trivially V is densely embedded in X. We define the sesquilinear form σ :
b) The approximating spaces. We consider a mixed finite element method and try to approximate solutions of (4.6) by 1) for i = 1, . . . , n. We define X n = V n × H n , where
are equipped with the inner product induced fromṼ resp. L 2 . As projections X → X n we choose the orthogonal projections P n = (P
n , P
n ) and set E n = P * n , i.e., E n is the canonical injection X n → X. Obviously, assumptions (A1)-(A3) are satisfied. Since P (1) n is the orthogonal projectionṼ → V n with respect to theṼ -inner product, it is easy to see that, for f ∈Ṽ , P (1) n f is the first order spline which interpolates f at the meshpoints x i = i/n, i = 0, . . . , n . Note that
c) The approximating operators. Since X n is not a subspace of V , we cannot define σ n to be the restriction of σ to X n . However, D n = V n × V n is a subspace of V , so that we can define the sesquilinear formsσ n : D n × D n → R byσ n = σ | Dn×Dn . Moreover, the spaces D n are isomorphic to X n , an isomorphism i n : D n → X n given by
We define the sesquilinear forms σ n : X n × X n by
n y), x,y ∈ X n , and the approximating operators A n by
From this it is easy to compute the matrix representations for the operators A n with respect to the bases B 1 , . . . , B n of V n and S 1 , . . . , S n of H n . Let
. . , γ n ) and δ = col (δ 1 , . . . , δ n ). Then simple computations show that
We note that the matrix
n F n is nonsingular, which follows from det Q n = 0, det H n = 0. This in particular implies 0 ∈ ρ(A n ), n = 1, 2, . . . .
d)
The stability property. For x ∈ X n we have
e) The consistency property. We have already shown that 0 We next derive an equation analogous to (4.10) for the approximations. By definition of the A n we have, for arbitrary (φ n , ψ n ) ∈ X n ,
nṽn and ψ n = P (2) nψn . From (4.11) with ψ n = 0 we obtain P (1) n f, φ n Ṽ = ṽ n , φ n Ṽ for all φ n ∈ V n . This proves P (1) n f =ṽ n and consequently
Again using (4.11) we get (also usingṽ n (1) = (P
n g, P (2) nψn + kf (1)ψ n (1) for allψ n ∈ V n . (4.12)
We chooseū n = P (1) n u ∈ V n . Then we get from (4.10) with ψ =ψ n and (4.12) ū n − u n ,ψ n = P (2) n g, P (2) nψ n − g,ψ n = P (2) n g − g, P (2) nψn + g, P (2) nψn −ψ n = g, P (2) nψn −ψ n , for allψ n ∈ V n . (4.13)
Here we have also used u ,ψ n = u,ψ n Ṽ = P (1) n u,ψ n Ṽ n = ū n ,ψ n . Equation (4.13) implies
By compactness of {χ ∈Ṽ | χ Ṽ ≤ 1} in L 2 we see that the right-hand side of (4.14) tends to zero as n → ∞. Thus we have
n u is the first order spline which interpolates u at the meshpoints, we also have
Finally we get
n P
(1)
From (4.15), (4.16), the fact that P (1) n f is the interpolating first order spline for f and that P (2) n f is the orthogonal projection of f onto H n we conclude that
Therefore we see from Theorem 2.1 that, for all initial conditions u(0, ·),
uniformly on bounded t-intervals. The approximations z
n (t, x) are given by (4.8) , where α(t) = col (α 1 (t), . . . , α n (t)) and β(t) = col (β 1 (t), . . . , β n (t)) are solutions of dα dt = β,
Stokes equation.
This example demonstrates that it is useful to consider situations where X is a closed proper linear subspace of Z, because it can be very natural to choose the spaces X n as subspaces of Z but not of X. Consider the homogeneous Stokes equation (e.g., see [14] resp. [4] for the stationary case)
where Ω is a connected bounded open set in R N , N = 2, 3, with Lipschitz continuous boundary Γ. Of course, denotes the Laplacian in R N .
a) Well-posedness of the problem. We shall consider solutions of (4.17) in a weak sense. We introduce the following spaces (see [4] , [14] ):
Equivalently the spaces V and X can be defined as V = {v ∈ W | div v = 0} and 
which is equivalent to the standard inner product. Of course, V and X are equipped with the inner products coming from W resp. Z. Furthermore, V is dense in X with continuous injection. The inner product σ(·, ·) and therefore also its restriction to V × V satisfies the estimates
which show that σ is bounded and coercive. Therefore the operator A defined by
is the infinitesimal generator of an analytic semigroup T (·) on X and, moreover, 0 ∈ ρ(A). The operator A is explicitly given by
where π is the orthogonal projection Z → X (see also [16, Section III.1] ). In order to define the approximating generators we shall use the following variational formulation of (4.17) (see [4] for the stationary problem):
where
Note that "grad" is an isomorphism from L 
equipped with the V -norm. Furthermore, we define X n to be V n equipped with the
Let P n be the orthogonal projection Z → X n and E n be the canonical injection X n → Z. Then obviously (A1) and (A3) are satisfied. The sesquilinear forms σ n and the operators A n are defined by σ n = σ | Vn×Vn and A n x, y = −σ n (x, y), x,y ∈ X n . Since (4.18) is also true for σ n , we conclude that 0 ∈ ρ(A n ), n = 1, 2, . . . , and
c) The consistency property. We impose the following conditions on the spaces W n and H n :
(i) For all u ∈ V there exist elements w n ∈ W n , n = 1, 2, . . . , with u − w n W → 0 as n → ∞. (ii) The uniform inf-sup condition (see [4] ) is satisfied, i.e., there exists a constant β > 0 such that for all n
We identify W n and H n with their duals and define the operator Ψ n :
From (4.21) we get
This proves that Ψ n is injective. The dual operator Ψ *
It is easy to see that ker Ψ * n = V n . Thus we have range Ψ * n = (ker Ψ n ) ⊥ = H n and range Ψ n = (ker Ψ *
For the norms of Ξ n and Ξ * n we get
Therefore it follows from (4.22) that
Moreover, (4.23) implies (note that X n = V n as sets). This also proves (A2). In order to establish the consistency property we first observe that 0 ∈ ρ(A) ∩ ∞ n=1 ρ(A n ). For φ ∈ X we choose u ∈ dom A such that φ = Au and set u n = A −1 n P n φ ∈ X n . For u we choosē v n ∈ V n , n = 1, 2, . . . , such that (4.24) is true. By definition of A and A n we have σ(u, u n −v n ) = φ, u n −v n Z , σ(u n , u n −v n ) = P n φ, u n −v n Z and consequently σ(u n −v n , u n −v n ) = σ(u −v n , u n −v n ) + P n φ − φ, u n −v n Z . Using the definitions of u and u n we see that
Observing (4.18) we get
n P n φ W = u − u n W ≤ u n −v n W + u −v n W → 0 as n → ∞ by (4.24) and (4.26) . This in particular implies that the consistency property (a) is true. By Theorem 2.1 we get lim n→∞ T n (t)P n φ − T (t)φ Z = 0 uniformly on bounded t-intervals for each φ ∈ X.
In order to see how one computes T n (t)P n φ set Φ n = φ n 1 , . . . , φ n kn , M n = µ n 1 , . . . , µ n mn and assume that u n (t) = Φ n α n (t) together with p n (t) = M n β n (t), α n (t) ∈ R kn , β n (t) ∈ R mn , solve d dt u n (t), ψ n Z = −σ(u n (t), ψ n ) + b(ψ n , p n (t)), t ≥ 0, b(u n (t), µ n ) = 0, t ≥ 0, u n (0) = P n φ, (4.27) for all ψ n ∈ W n and µ n ∈ H n . The second equation in (4.27) implies that u n (t) ∈ X n , t ≥ 0. If we take ψ n ∈ X n , then b(ψ n , p n (t)) ≡ 0 and (4.27) implies d dt u n (t), ψ n Z = −σ(u n (t), ψ n ) = A n u n (t), ψ n Z , t ≥ 0, u n (0) = P n φ, for all ψ n ∈ X n or, equivalently, u n (t) = A n u n (t), t ≥ 0,
This proves u n (t) = T n (t)P n φ, t ≥ 0. Equations (4.27) imply that α n (t) and β n (t) satisfy Q nαn (t) = −S n α n (t) + B n β n (t), t ≥ 0, α n (t) T B n = 0, t ≥ 0, T B n = 0 implies α n (t) T B n ≡ 0, where α n (t) is the solution of (4.30) with initial value α 0 n .
Remark. As already mentioned above we can prove stronger results in case the semigroup is analytic. Using the parabolic character of this problem one can show that lim n→∞ T n (t)P n φ − T (t)φ W = 0 uniformly for t in intervals [1/δ, δ] for arbitrary δ > 1.
